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Introduction
Buoyant jets (or forced plumes 1 ) are discharges of a volume of fluid having a density that differs from the surrounding ambient. They are widely observed in natural phenomena, such as volcanic eruptions and hydrothermal vents, and in engineering applications, such as jet propulsion and the discharge of waste water to a receiving aquatic environment. The density of a buoyant jet can be less than or greater than the ambient density, and the direction of initial momentum can be in any direction relative to the force of buoyancy. In this study we examine the behavior of starting buoyant jets in which the direction of buoyancy is aligned with the direction of initial momentum, i.e., either jets discharging a heavier fluid vertically downward or a lighter fluid vertically upward. We refer to either as "positively buoyant jets"
or simply "buoyant jets".
The primary characteristics of the buoyant jet can be defined by the following parameters ). Most buoyant jet studies in the literature have focused on steady state behavior 2, 3, 4 . However, many buoyant jet applications are inherently short-term (e.g., the marine disposal of sediments from dredging or land reclamation), and even continuous discharges begin as starting jets or plumes. Hence, it is important to study and better understand the initial formation phase of buoyant jets.
When a buoyant jet is discharged from an orifice, a starting vortex forms immediately due to the rollup of the source fluid against the stationary ambient. This starting vortex grows until it reaches a maximum circulation state and then detaches from the trailing stem, a phenomenon commonly referred to as "pinch off" 5 . Thereafter, the starting vortex ceases to grow and is eventually engulfed by the regenerated head vortex leading the trailing stem. The analysis of the continuous process has been discussed by Law et al. 6 . The initial period before the engulfment is referred to as the Period of Flow Development (PFD), while the subsequent period is referred to as the Period of Developed Flow (PDF). The naming is to differentiate the two periods of development, whereby in the PFD the behavior is significantly affected by the source conditions whereas in the PDF the behavior bears similarity and can be analyzed by means of the gross discharge characteristics.
As implied above, a starting buoyant jet has two asymptotic states: (a) a starting pure jet with no buoyancy flux (R o = 0) and (b) a thermal or starting lazy plume with negligible initial momentum flux (large R o ). The starting pure jet is a configuration of critical importance for many engineering applications (in combustion for example) and has been studied by a number of investigators. Generally, the jet is found to penetrate linearly with time in the PFD 7,8 , and with the square root of time in the downstream self-similar phase 9,10,11,12 of the PDF. The other extreme of a starting lazy plume has been studied by Lundgren et al. 13 found that the penetration rate can be divided into two periods: initial acceleration and thermal-like phases (i.e. analogous to PFD and PDF respectively). The penetration is proportional to the 1.4 power of time for the former, and the 0.5 power for the latter.
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Diez et al. 17 used video techniques to study the characteristics of starting buoyant jets over a wide range of source buoyancy. Within the self-preserving phase, the plume was found to penetrate following the relationship of the 3/4 power of time, which was first reported by Turner 18 . Ai et al. 19 performed experiments on a round starting buoyant jet using Particle
Image Velocimetry (PIV) and Planar Laser Induced Fluorescence (PLIF), and covered a wide range of initial density differences from Boussinesq (relative density difference     < 15%) to non-Boussinesq (    > 15%) conditions. A simplified model of the vortex-stem dynamics during the PDF was also proposed. This was followed by the subsequent analysis of Law et al. 6 that further addressed the dynamics of the head vortex-stem connection.
Together the two works provide an overview of the physics behind the intrusion of a starting round buoyant jet and the associated penetration rate. At the same time, they concluded that the complexities of the source condition as well as the details of the transition from jet-like to plume-like behavior within the two periods need to be further investigated.
The above previous studies primarily used experimental tools to improve the understanding of the starting buoyant jet phenomenon. By contrast, numerical simulations of starting buoyant jets are less common. Iglesias et al. 20 and Satti and Agrawal 21,22 simulated helium jets injected into quiescent ambient air, motivated by the objective to improve the ignition of diesel engines. Satti and Agrawal 22 showed that the penetration rate was strongly dependent on buoyancy; they further investigated the effect of buoyancy on developing buoyant jets, focusing on the details of the vortex ring evolution. Despite their pioneering effort, their study did not cover enough scenarios to allow a systematic analysis of the role of the buoyancy flux in the starting phenomenon.
The present study examines the transient behavior of a starting buoyant jet in the initial period of PFD using the Large-Eddy Simulation (LES) approach; the study is part of a larger effort which includes numerical, experimental and field observations to investigate the nearsource transport of sediment released in coastal waters. In particular, we aim to quantify the effect of buoyancy on the penetration rate based on the simulation results. LES provides a versatile approach for turbulence modeling that resides at an intermediate level between the Reynolds Average Navier-Stokes (RANS) and the Direct Numerical Simulation (DNS)
approaches. The algorithm used in this study is the Dynamic Mixed Model (DMM) which is employed in a Navier-Stokes solver developed at the Environmental Fluid Mechanics
Laboratory at Stanford University.
In Section 2, the LES model used in this study is briefly described. This is followed in 
LES Approach

Governing Equations
The governing equations for the LES approach are the spatially-filtered continuity, NavierStokes and scalar transport equations with the Boussinesq approximation as follows:
where
where the over-bar represents a spatially-filtered quantity. u i (i=1,2,3) are the Cartesian velocity components in the direction of x i . Other quantities are as follows: t is time, p is pressure, g is the gravitational acceleration, T is a scalar (e.g., density or temperature), T 0 is the background scalar,
is the coefficient of thermal expansion,  is the kinematic viscosity, and  is the scalar diffusivity. Note that all the equations are subjected to the Einstein rule of summation.
The subfilter-scale terms ij  and j  are specified as:
These two terms are modeled with the dynamic mixed subgrid-scale model, details of which can be found in Zang et al. 24 .
Numerical Methods
The governing equations are transformed to generalized curvilinear coordinates and discretized with a finite-volume formulation on a non-staggered grid 25 . The discretization includes: 1) a semi-implicit scheme with Crank-Nicholson for the diagonal viscous and diffusive terms and Adams-Bashforth for the other terms; 2) accurate upwind-difference schemes on the convective terms; and 3) second-order accurate central differences on all the other spatial differential terms. The convective terms of the momentum equations (Eq. 4) are discretized using the QUICK scheme, whereas the convective terms for the scalar transport equation (Eq. 5) are discretized using the SHARP scheme to avoid spurious oscillations 26, 27 .
The numerical code has previously been validated by a series of comparisons with standard experiments. A 3D lid-driven cavity flow was reproduced by Zang et al. 24 as the first validation of this model. Subsequently, LES was performed on a range of round jets in cross flows with low and moderate Reynolds numbers 28, 29 24, 25 has been demonstrated to be a practical and efficient LES scheme that is suitable for a range of turbulent flows. In the present study we extend the validation to include jets and plumes discharging into quiescent environments. The parallel version of the code that we used here was developed by Cui and Street 31 .
Flow configuration
The computational domain used in this study is a rectangular volume with a square horizontal cross-section that extends to 1. . The buoyant jet is discharged at the top of the domain through a circular nozzle which has a diameter D=5 cm. Thus, the size of the domain can also be expressed as 24D × 24D × 30D and 6D × 6D × 30D for validation and production respectively, which shall limit the domain of investigation of the penetrative behavior. The computational domain is discretized into a stretched mesh with increased refinement along the vertical axis (see Figure 1(b) ).
The boundary conditions are also presented in Figure 1(a) . The velocity field is specified at the top boundary as an incoming uniform jet with a velocity field given by w((x-3D) 2 36 , the outflow boundary condition is essentially the "no gradient"
condition, which has limited effect on the starting results before the flow structure penetrates 9 beyond the domain. A constant volume flux, determined from the prescribed inflow velocity U 0 , is enforced at the inlet.
Validation
In this section, the LES model is validated specifically for the study of buoyant jets discharging to quiescent environments by comparing the simulation results to experiments for the asymptotic cases of a pure jet and a lazy plume, the behaviors of which have been well 
Jet
For a pure jet, the controlling characteristic is the initial momentum flux. Strictly speaking, a pure jet does not possess any density difference with the ambient, i.e.
However, in order to visualize the scalar structure, the jet density is increased slightly to 
Steady state
Since the present simulation using the LES approach is transient, an averaging period which is large enough to average the instantaneous variations of the flow is required to show the steady state characteristics of the mean velocity and concentration fields. For this reason, the mean characteristics of the flow averaged over different periods with a sampling frequency of 1 Hz are drawn in Figure 3 for the pure jet case (and later in Figure 6 for the lazy plume case). 
Starting pure jet
The penetration rate of a starting pure jet represented by the temporal rate of change of the vertical position of the tip is shown for different grid sizes in Figure 4 indicates that in the early stage of development, the penetration rate is not impacted by the domain size. Therefore, the small domain size of 0.3m*0.3m*1.5m is used for the production results.
The dimensionless penetration rate, i.e. the slope of η versus the square root of time, is shown in Figure 5 , where
and z t is the position of the front. As discussed before, the initial period of varying penetration rate can be referred to as the Period of Flow Development by Ai et al. 19 . After the flow is developed with self-similar profiles, the penetration rate possesses a constant power law relationship with time, and the slope on a log-log scale would become nearly a constant. From the simulation results, the slope of the last section for the simulation results is found to be equal to 4.0, which matches almost exactly the result of Ai et al. 8 . Hereto, the simulations successfully reproduce the penetration of a starting pure jet.
Plume
Following the pure jet validation above, a further study is conducted for the validation of a lazy plume whose characteristics are controlled by the initial buoyancy flux B 0 . For these simulations, the initial velocity U o is taken to be a small value of 0.05 m/s, while the density difference is set to be 
Steady state
Figs. 6(a) and 6(b) show that, using an averaging period duration of 40 s and a sampling frequency of 1 Hz, the axial velocity and concentration decay along the centerline become consistent beyond t=40 s. The results agree the experimental measurements by Wang and Law 23 beyond z=6D. One interesting aspect of the lazy plume is that the axial velocity increases very quickly in the laminar region near the source before transition into turbulence following the decay in the self-similar region. The concentration decay is also well predicted with virtual origin correction, which assumes that a point source at z=2.5D can properly represents the nozzle of a lazy plume 37 were similar to the experiments in both magnitude and shape, but showed somewhat more variability.
Starting lazy plume
A numerical study on the dependence of grid size is first conducted. The results, presented in According to the results, the development of the penetration rate can be divided into three phases: the initial overlapped phases, the accelerated phase, and finally the asymptotic phase.
To isolate the effects of buoyancy flux, the penetration distance by the pure jet is subtracted from the total penetration distance, and the excess penetration distances z B are shown versus time in Figure 10 . For comparison, the excess penetration distances of jets with different initial momentum fluxes (i.e. Reynolds numbers) are shown in the same figure.
The three phases of penetration rate can be interpreted by the relationship of the two driving mechanisms, i.e. the initial momentum flux and the buoyancy inducement. In the initial overlapped phase, buoyancy does not have time to significantly accelerate the penetration.
Therefore, the momentum flux dominates the driving force and the penetration distances overlap each other. During the accelerated phase, the potential energy contained in the buoyancy flux is transformed by gravitational acceleration to kinetic energy. Thus, the penetration rate differs for different buoyancy fluxes as shown in Figures 9 and 10 . Figure 10 isolates the buoyancy effect from the initial momentum in terms of excess penetration 14 distance: for the same density difference but different initial momentum, penetration distances are found to overlap each other. This suggests that the total penetration distance can be resolved as the sum of the separate effects of initial momentum and buoyancy. Because these two factors are uncoupled, the relationship between them appears to be linear.
At the final self-similar phase (or PDF), the total penetration rate decreases due to the greater entrainment of ambient fluid. At the same time, the momentum flux and buoyancy inducement interact nonlinearly with each other, resulting in the front advancing with an asymptotic limit of t 3/4 .
Penetration equation
A key objective of the present study is to examine the time-dependent penetration of buoyant jets in the PFD. As discussed in the introduction, the penetration in the PFD is more complex than in the PDF due to a lack of self similarity. The source conditions, in particular, significantly affect the penetration behavior in PFD. These conditions include the velocity profile and history at the source, nozzle geometry, laminarity, and the presence of (solid lines), a reasonable fit is provided by 
For free-falling objects in a gravitational field without significant resistance, the proportionality coefficient in Eq. 12 would be 0. Figure 11 (b) plots non-dimensional penetration versus time using Equation 13 , from which 
Because it has a stronger physical basis and is valid for most buoyant jets, Equation (12) is used to predict the following total penetration distance.
Second, the penetration distance driven by the initial momentum flux (i.e., the penetration of a pure jet) can be determined from Figure 9 as
where, as expected from physical arguments, z M is proportional to U 0 t. The coefficient of 0.53 reflects the roll-up of the discharged fluid to form the starting vortex. It is close to the theoretical value of 0.50 expected in the potential core region of a non-buoyant jet if, following arguments of Prandtl 38 , we assume that the stagnation pressure is the same on either side of the front. Summing up the penetration due to momentum and buoyancy, the total penetration distance can be expressed as
Again this equation is applicable only in the PFD region when the penetration is led by the starting vortex. After the pinch-off and when the jet stem engulfs the starting vortex and regenerates a leading vortex, the penetrative behavior would evolve into the PDF behavior described in Ai et al. 19 .
Penetration measured by different flow parameters
For buoyant jets, the flow characteristics can be represented by a number of parameters including the scalar concentration and the spatial components of velocity and vorticity. While the results in the previous sections are established based on the concentration front, it is pertinent to examine whether the penetration is similar for the other parameters. For this purpose, we consider a buoyant jet having a uniform initial velocity U 0 = 0.05 m/s, and initial relative density difference Figure 12 , which shows that the penetration rates are almost identical, although the concentration field penetrates slightly faster than the velocity field.
This suggests that there is no significant discrepancy between the various fields regarding the penetration analysis. In other words, the intrusion can be taken as a shock front in the PFD.
Summary and Conclusions
A numerical study using the LES approach has been conducted to investigate the penetration 
